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Abstract  

Prion diseases are a rare form of infectious neurodegenerative disorders that can infect humans as well as other 
mammals and can also be transferred from mammals to humans. Currently, these  prion diseases remain both 
fatal and untreatable. These serious prion diseases are ultimately caused by the transformation of the prion 
protein (PrPᶜ), which is natively expressed in the central nervous system of mammals, into an infectious isoform, 
PrPˢᶜ. High resolution NMR and cryo EM structures of PrPᶜ and PrPˢᶜ have revealed vast structural differences 
between the two isoforms despite having the same amino acid sequence. While much is known about the 
specific structural differences between the native and infectious PrP isoforms, almost nothing is understood 
about the initial misfolding events triggering the PrPᶜ to fold into the PrPˢᶜ or the specific details of how a 
misfolded PrPˢᶜ infectious isoform and trigger a non-infectious PrPᶜ into the infectious isoform. Here, we 
provide a mathematical framework for studying prion structures and folding with the goal of building a 
predictive model. Leveraging experimentally derived constraints we demonstrate a topology-based model that 
enables a dimensionality reduction of the coordinate space by projection onto the contact space, thus enabling 
more efficient analysis of the interacting residues and interactions driving the PrPᶜ misfolding to PrPˢᶜ.  Now 
that this framework is established, we will integrate with biophysical,  structural, and machine learning analyses 
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to explore the cellular factors that act as predictors for triggering a prion protein misfolding event.  

Keywords: prion diseases, protein misfolding, prion protein, neurodegenerative disorders,  mathematical 
modeling, topology, dimensionality reduction, contact space analysis, structural  biology 

 

Introduction  

Prion diseases are a class of transmissible neurodegenerative disorders affecting a wide range of mammalian 
species. Human-specific prion diseases include Creutzfeldt-Jakob Disease  (CDJ), Kuru, or Fatal Familial 
Insomnia (FFI) and remain untreatable and fatal. Prion diseases result when a transmutation of PrPᶜ, which is 
natively expressed in neurological tissue in mammals, is transformed into the infectious isoform, PrPˢᶜ. 
Aggregation of the prion misfold causes a rapid deterioration of the neuron expressing fibril chains of PrPˢᶜ 
(Miranzadeh  Mahabadi & Taghibiglou, 2020).   

Much like a viral disease, PrPˢᶜ ultimately spreads and infects other nervous tissue in the central nervous system 
(CNS) of any host mammal. Although both isoforms share identical primary amino acid sequences consisting of 
approximately 210 residues after post-translational processing, where the difference lies in secondary and tertiary 
structure, resulting in a distinct fold between the two isoforms. PrPᶜ adopts a globular fold containing three 
𝑎-helices and two short 𝛽-sheets while PrPˢᶜ adopts a 𝛽-sheet rich fibrillar architecture, typically forming parallel,  
in-register 𝛽-sheets (Kovač & Čurin Šerbec, 2022; Kraus et al., 2021; Wille & Requena, 2018). Structural studies 
have identified structural variability in the 𝛽2–𝑎2 loop (residues 165- 175) and the 𝑎2–𝑎3 interhelical interface 
(residues 185-209), regions that are implicated in the transition from PrPᶜ to PrPˢᶜ (Kraus et al., 2021). These 
regions provide plausible candidates for residue pairs (i′, j′) that contribute to the distance discrepancies between 
corresponding residue pairs, which can be measured with contact graphs and their threshold proximities. 
Residue pairs that show the largest differences in the contact maps are potential candidates for driving the 
misfold and structural separation between PrPᶜ and PrPˢᶜ.  

Prion proteins can take on many variations with one example being 1FO7, which is a  mutant fragment from 
residues 90-231 containing 60 total conformations calculated, 30 of which  have been verified and submitted. 
The same is true for a mammalian vector such as the Syrian  Hamster (M. auratus), which examines residues 
90-231 and has 100 calculated structures, 25 of which confirm the overall structural conformation of 2 𝛽-sheets 
and 3 𝑎-helices with sequences binding the 5 main structures of the globular domain.   

The precise mechanism of this structural transition remains incompletely understood. This paper integrates 
topological and distance-geometric analyses to reveal the mechanism(s) of  PrPᶜ and its infectious isoform PrPˢᶜ. 
Subsequent stereochemical and structural analysis is used to map mathematical findings to the protein 
structures and reveal the underlying residue interactions driving prion protein misfolding.  
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Mathematical Methodology 

The primary aim is to demonstrate through proof that a transformation from PrPᶜ to PrPˢᶜ is defined and then 
map the mathematical transformation onto the prion protein isoform  structures. While the real-world 
infectivity of the PrPˢᶜ protein misfold is known, much is left  unknown about misfolding initiating and 
propagation mechanisms. Resolving these mechanisms  of pathogenesis requires a fresh perspective. We provide 
a mathematical model of structural  transformation for representative prion protein structures 1QLX and 6LNI 
in ℝ¹, ℝ², and  ℝ³ representing sequence, contacts, and coordinate space, respectively. Given that we need a  
concrete and strong initial base, we can break down the analysis into multiple categories of  application. 

Proof in ℝ¹  

Axiom 1:  

Let ∑ denotate the 20-letter amino acid alphabet. Post-enzymatic trimming, a mature PrP consists of 210 amino 
acid sequences. Therefore the sequence space is defined as;  

𝑆 = ∑²¹⁰ where, ∑²¹⁰ = {𝑎ᵢ ∈ ∑ | (𝑎₁, 𝑎₂, 𝑎₃, … , 𝑎₂₁₀) }.  

In addition, there does exist some 𝑠 ∈ 𝑆 which represents an ordered 210-residue sequence. 

Axiom 2:  

Let 𝐽: 𝑆 → 𝑌 be an invariant and define a relation ~ᴊ on 𝑆 by:  

𝑠 ~ᴊ 𝑡 ⟺ 𝐽(𝑠) = 𝐽(𝑡)  

Lemma 1: Invariant-Induced Relations is an Equivalence Relation.  

Claim: For any function 𝐽: 𝑆 → 𝑌, the relation ~ᴊ is an equivalence relation on 𝑆. 

Proof: Define the following terms: 

i. Reflexivity: ∃𝑎 such that, 𝑎 = 𝑎 
ii. Symmetry: ∃𝑎, 𝑏 such that, 𝑎 = 𝑏 & 𝑏 = 𝑎 
iii. Transitivity: ∃𝑎, 𝑏, 𝑐 such that, 𝑎 = 𝑏 and 𝑏 = 𝑐 ⟹ 𝑎 = 𝑐.  

Projecting these terms onto the initial claim results in: 

i. If 𝐽(𝑠) = 𝐽(𝑠), then 𝑠 ~ᴊ 𝑠 
ii. If 𝐽(𝑠) = 𝐽(𝑡), then 𝐽(𝑡) = 𝐽(𝑠) 
iii. If 𝐽(𝑠) = 𝐽(𝑡) and 𝐽(𝑡) = 𝐽(𝑢), then 𝐽(𝑠) = 𝐽(𝑢) . 

Which then implies ~ᴊ is reflexive, symmetric, and transitive. ∎ 
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Axiom 3:  

Define the identity invariance as:  

𝐽₁: 𝑆 → 𝑆, 𝐽₁(𝑠) = 𝑠,  

Then the relation will satisfy:  

𝑠 ~ᴊ₁𝑡 ⟺ 𝑠 = 𝑡.  

Because the prion conversion from globular PrPᶜ to infectious isoform PrPˢᶜ is solely a conformational change 
and not a sequence or residue change, we can establish that the sequence is preserved regardless of 
conformational change. So, if we take some sequence:  

𝑠꜀, 𝑠ₛ꜀ ∈ 𝑆 

Then the mature sequence residues will exist as:  

𝑠꜀ = 𝑠ₛ꜀.  

Theorem 1: PrP Sequence Indistinguishability  

Claim: under the primary invariance 𝐽₁, PrPᶜ and PrPˢᶜ lie on the same equivalence class  𝑆 ⁄ ~ᴊ₁.  

Since: 𝑠꜀ = 𝑠ₛ꜀ we can say:  

𝐽₁(𝑠꜀) = 𝑠꜀ = 𝑠ₛ꜀  = 𝐽₁(𝑠ₛ꜀ )  

⟹ 𝐽₁(𝑠꜀) = 𝐽₁(𝑠ₛ꜀ )  

⟹ 𝑠꜀ ~ᴊ₁ 𝑠ₛ꜀  

⟹ [𝑠꜀]ᴊ₁ = [𝑠ₛ꜀ ]ᴊ₁ ∎ 

Corollary for Theorem 1: Failure of Sequence-Level Detection Must Exist  

Claim: no invariant depending solely on primary sequence identity can distinguish PrPᶜ from PrPˢᶜ.  

Since: 𝑠꜀ = 𝑠ₛ꜀ we can use direct substitution to impose:  

⟹ 𝐽(𝑠꜀) = 𝐽(𝑠ₛ꜀).  

Therefore, if every invariant is defined solely on a primary sequence PrP which is contained in the enzymatic 
trimmed chain ∑²¹⁰, then both PrPᶜ and PrPˢᶜ are indistinguishable. This is further elaborated in the biological 
perspective in which the PrP parent chain can be expressed either as the infectious fibril misfold or the native 
globular protein. Thus:  
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(PrPᶜ = PrPˢᶜ) ⊂ ℝ¹ ∎ 

Because experimentally we know that a misfold occurs somewhere in the protein life cycle, we are going to 
assume that fact and proceed forward in a fashion that emphasizes  mathematical perspective. The goal is to then 
prove the non-congruence of PrPᶜ and PrPˢᶜ in ℝ² and ℝ³. As shown above, the ℝ¹ sequence space is congruent 
in residue sequence, however the two isoforms are known to be non-congruent in conformation. As the 
conformational ℝ³ space is better described experimentally than the ℝ² contact space, the proof in ℝ³ will be 
written first to easily observe the difference in structural conformation. That difference or conformational 
change in structure will be more easily presented through contact maps in the ℝ² proof. 

 Proof in ℝ³ 

Axiom 4: Index Set  

Let 𝐼 be a finite residue index set on which both coordinate models supply. Concretely, 𝐼 is taken to be the 
intersection of the residue indices present in:  

● PrPᶜ, which exists as a globular C-terminal domain and has 3 𝑎-Helices and a short β sheet  

● PrPˢᶜ, presents parallel in-register intermolecular β-sheets  

𝐼 = (𝐶) ∩ (𝑆𝑐).  

Defining 𝐼 as the overlap avoids any non-trivial index matching assumptions beyond the correlation to 
coordinates and labeled residues.  

Axiom 5: Projection Mapping  

Fix a representative atom per residue then define the embeddings as:  

𝐹𝑐:𝐼 → ℝ³, 𝐹𝑠𝑐:𝐼 → ℝ³  

Where 𝐹𝑐(𝑖) and 𝐹𝑠𝑐(𝑖) be the 3D coordinates of the mmCIF atoms for the common residues in  1QLX and 
6LNI, representing PrPᶜ and PrPˢᶜ, respectively.  

Axiom 6: Rigid Motion  

A rigid motion in ℝ³ specifically is a representative mapping in form:  

𝑔(𝑥) = 𝑅𝑥 + 𝑣, 𝑅 ∈ 𝑂(3), 𝑣 ∈ ℝ³. 

Where the matrix 𝑅 belongs to the orthogonal group 𝑂(3), defined as:  

𝑂(3) = {ℝ ∈ ℝ³ˣ³| 𝑅ᵀ𝑅 = 𝐼}  

The main advantage of orthogonal matrices is that they preserve Euclidean inner product and thus lengths and 
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pairwise distances. Consequently, any transformation of the form 𝑔(𝑥) = 𝑅𝑥 + 𝑣 where 𝑅 ∈ 𝑂(3) and 𝑣 ∈ ℝ³ is 
a Euclidean isometry of ℝ³. Distance matrices are therefore invariant under such transformations.  

Axiom 7: Euclidean Congruence  

Define 𝐹𝑐 and 𝐹𝑠𝑐 as congruent if there exists a rigid motion 𝑔 such that:  

𝐹𝑠𝑐(𝑖) = 𝑔(𝐹𝑐(𝑖)), ∀𝑖 ∈ 𝐼 

Axiom 8: Distance Matrix on an Embedding  

For an embedding in the projection 𝐹:𝐼 → ℝ3, define its distance matrix 𝐷ꜰ such that: 

𝐷ꜰ:𝐼 × 𝐼 → ℝ≥₀, 𝐷ꜰ(𝑖,𝑗) = ‖𝐹(𝑖) − 𝐹(𝑗)‖.  

Given the following axioms, we can begin to establish lemmas 2 and 3 which state claims  that rigid motion 
preserves pairwise distance, which was previously assumed in axiom 7 as well  as a contrapositive separation.  

Lemma 2: Rigid Motion Preserves Pairwise Distance  

Claim: if 𝐹𝑠𝑐 = 𝑔(𝐹𝑐) for a rigid motion 𝑔 then:  

𝐷ꜰₛ꜀ (𝑖,𝑗) = 𝐷ꜰ꜀ (𝑖,𝑗), ∀𝑖,𝑗 ∈ 𝐼.  

Proof: ∀𝑖,𝑗 ∈ 𝐼:  

𝐷ꜰₛ꜀ (𝑖,𝑗) = ‖𝐹𝑠𝑐(𝑖) − 𝐹𝑠𝑐(𝑗)‖ = ‖𝑔(𝐹𝑠𝑐(𝑖)) − 𝑔(𝐹𝑠𝑐(𝑗))‖.  

Given axiom 7 we can establish 𝑔(𝑥) = 𝑅𝑥 + 𝑣 with 𝑅 ∈ 𝑂(3) such that: 

‖𝑔(𝑎) − 𝑔(𝑏)‖ = ‖𝑅(𝑎 − 𝑏)‖ = ‖𝑎 − 𝑏‖.  

Therefore:   

𝐷ꜰₛ꜀ (𝑖,𝑗) = ‖𝐹𝑠𝑐(𝑖) − 𝐹𝑠𝑐(𝑗)‖ = ‖(𝑅𝐹𝑐(𝑖) + 𝑣) − (𝑅𝐹𝑐(𝑗) + 𝑣)‖ = ‖𝑅(𝐹𝑐(𝑖) − 𝐹𝑐(𝑗))‖ = ‖𝐹𝑐(𝑖) − 𝐹𝑐(𝑗)‖ = 𝐷ꜰₛ꜀ (𝑖,𝑗) ∎ 

Lemma 3: Contrapositive Separation  

Claim: If there exists a pair 𝑖,𝑗 ∈ 𝐼 such that:  

𝐷ꜰₛ꜀ (𝑖,𝑗) ≠ 𝐷ꜰ꜀(𝑖,𝑗),  

then there is no rigid motion 𝑔 where 𝐹𝑠𝑐 = 𝑔(𝐹𝑐).  

Proof: If lemma 2 holds true that if rigid motion 𝑔 exists with 𝐹𝑠𝑐 = 𝑔(𝐹𝑐), then all  corresponding pairwise 
distances must agree:   

𝐷ꜰₛ꜀ (𝑖,𝑗) = 𝐷ꜰ꜀(𝑖,𝑗), ∀𝑖,𝑗 ∈ 𝐼.  
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Which is the implicit contrapositive of lemma 2 and thus if even 1 pair of residues satisfies: 

𝐷ꜰₛ꜀ (𝑖,𝑗) ≠ 𝐷ꜰ꜀(𝑖,𝑗)  

Then the embeddings cannot be related by any rigid motion. Therefore, 𝐹𝑠𝑐 and 𝐹𝑐 are not 
Euclidean-congruent. ∎ 

This, however, is not sufficient evidence alone to establish a loose non-congruence of  Euclidean space 
structures; there must be a witnessed pair that either one structure has, but the other one does not.  

Axiom 9: Supremum of Distance Matrixes  

Define the discrepancy between the two embeddings by the following:  

Δ∞(𝐹𝑐, 𝐹𝑠𝑐) =  |𝐷ꜰ꜀ (𝑖,𝑗) − 𝐷ꜰₛ꜀ (𝑖,𝑗)|.  

Since 𝐼 is a finite set, this maximum will exist. This quantity represents the largest pairwise distance disagreement 
between the two respective embeddings.  

Theorem 2: ℝ³ Non-Congruence Explicit  

Claim: From experimental data we assume:  

Δ∞(𝐹𝑐, 𝐹𝑠𝑐) > 0 

Therefore, there exists no rigid motion:  

𝑔(𝑥) = 𝑅𝑥 + 𝑣, 𝑅 ∈ 𝑂(3),   

such that:  

𝐹𝑠𝑐 = 𝑔(𝐹𝑐).  

Proof: If the embeddings were Euclidean congruent, then by Lemma 2:  

𝐷ꜰₛ꜀ (𝑖,𝑗) = 𝐷ꜰ꜀ (𝑖,𝑗), ∀𝑖,𝑗 ∈ 𝐼 

⟹ Δ∞(𝐹𝑐, 𝐹𝑠𝑐) = 0. 

This contradicts the experimentally derived assumption that Δ∞(𝐹𝑐, 𝐹𝑠𝑐) > 0 and thus implies that there exist 
no rigid motion mapping 𝐹𝑐 to 𝐹𝑠𝑐. ∎ 

We then need to construct a witnessed pair that exists as the set’s maximum pair, so we  then define:  

(𝑖’,𝑗’) ∈ 𝐼 × 𝐼 

Such that:  
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Δ∞(𝐹𝑐, 𝐹𝑠𝑐) = |𝐷ꜰ꜀(𝑖’,𝑗’) − 𝐷ꜰₛ꜀ (𝑖’,𝑗’)|  

This identifies residues whose specific spatial separation has the largest discrepancy between the two 
embeddings. Thus:  

𝐷ꜰ꜀ (𝑖’,𝑗’) ≠ 𝐷ꜰₛ꜀ (𝑖’,𝑗’),  

which confirms an explicit geometric witness of the non-congruence between PrPᶜ and PrPˢᶜ. To further 
strengthen the above theories and lemmas we will construct a contact graph.  

Axiom 10: Contact Graph by an Embedding  

Let the function 𝐹 be defined as the projection of 𝐼 onto real space:  

𝐹:𝐼 → ℝ³  

Where 𝐼 is an embedding of a finite index set, as previously stated. This allows for any fixed  threshold δ > 0 to 
define the graph 𝐺(𝐹, δ) with edge set 𝐸(𝐹, δ) such that:  

𝐺(𝐹, δ) = (𝐼, 𝐸(𝐹, δ)), 

Where: 

 (𝑖,𝑗) ∈ 𝐸(𝐹, δ) ⟺ ‖𝐹(𝑖) − 𝐹(𝑗)‖ ≤ δ and |𝑖 − 𝑗| > 2.  

Theorem 3: Separation of Contact Graphs  

Claim: If:  

Δ∞(𝐹𝑐, 𝐹𝑠𝑐) > 0,  

then ∃δ > 0, such that:  

𝐺(𝐹𝑐, δ) ≠ 𝐺(𝐹𝑠𝑐, δ).  

Proof: Because we know from the experimental assumption: 

Δ∞(𝐹𝑐, 𝐹𝑠𝑐) > 0,  

then there exist a witnessed pair such that:  

𝐷ꜰ꜀ (𝑖’,𝑗’) ≠ 𝐷ꜰₛ꜀ (𝑖’,𝑗’).  

So, without loss of generality, we can assume:  

𝐷ꜰ꜀ (𝑖’,𝑗’) < 𝐷ꜰₛ꜀  (𝑖’,𝑗’).  

We will choose a δ such that:  
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δ = .  

This then implies the following transformations:  

𝐷ꜰ꜀ (𝑖’,𝑗’) ≤ δ < 𝐷ꜰₛ꜀ (𝑖’,𝑗’)  

⟹ (𝑖’,𝑗’) ∈ 𝐸(𝐹𝑐, δ) and ∄(𝑖’,𝑗’) ∈ 𝐸(𝐹𝑠𝑐, δ)  

∴ 𝐸(𝐹𝑐, δ) ≠ 𝐸(𝐹𝑠𝑐, δ) 

⟹ 𝐺(𝐹𝑐, δ) ≠ 𝐺(𝐹𝑠𝑐, δ). ∎ 

This establishes that there exists at least one witnessed pair (𝑖’,𝑗’) that belongs to one edge set but not the other, 
which implies that the corresponding contact graphs are non-congruent. To further this idea if we take into 
account the findings of Miranzadeh Mahabadi &  Taghibiglou (2020), then we can observe that conformational 
misfolds of PrPᶜ → PrPˢᶜ lies within the β2-𝑎2 loop region (residues 165–175), and the 𝑎2-𝑎3 inter-helical 
interfaces (residues  185–200) of PrPᶜ.  

Proof in ℝ²  

Axiom 11: Orthogonal Planar Projections  

Retain the same embeddings from the proof in ℝ³ and with the same embeddings  allowing 𝐼 to be a finite index 
set of the specific PrP parent chain sequence:  

𝐹𝑐, 𝐹𝑠𝑐: 𝐼 → ℝ³.  

If we then define 3 standard orthogonal planar projections, such that for any orthogonal  projection denoted 𝑂 
can be represented as:  

𝑂𝑥𝑦(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦), 𝑂𝑥𝑧(𝑥, 𝑦, 𝑧) = (𝑥, 𝑧), 𝑂𝑦𝑧(𝑥, 𝑦, 𝑧) = (𝑦, 𝑧).  

This reduction of geometric space gives 3 possible geometric planes as a result of each 𝑂𝑎,𝑏: ℝ³ → ℝ², which is a 
linear mapping of ℝ³ → ℝ² created by deleting a single coordinate.   

Axiom 12: Distance Structure Under Planar Projection 

We can further define this mapping such that for any planar projection 𝐹:𝐼 → ℝ² we  define the embedding as:  

𝐷ꜰ(𝑖,𝑗) = ‖𝐹(𝑖) − 𝐹(𝑗)‖,  

where the double brackets denote the Euclidean norm on ℝ², which is:  

‖𝑥‖ = , ∈ ℝ².  
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Additionally, we state that for 𝑃 ∈ {𝑂𝑥𝑦,𝑂𝑥𝑧, 𝑂𝑦𝑧}:  

𝐷  (𝑖,𝑗) = ‖𝑃(𝐹𝑐(𝑖) − 𝐹𝑐(𝐹𝑐))‖, 𝐷  (𝑖,𝑗) = ‖𝑃(𝐹𝑠𝑐(𝑖) − 𝐹𝑠𝑐(𝑗))‖. 

Axiom 13: Threshold Contact Graph on Planar Projections  

To define the threshold graph on this 2-dimensional plane, we need to show that there exists some δ > 0 such 
that:  

𝐺(𝐹, δ) = (𝐼, 𝐸(𝐹, δ)),  

where some ordered pair (𝑖,𝑗) ∈ 𝐼 can be defined as:  

(𝑖,𝑗) ⊂ 𝐸(𝐹, δ) ⟺ ‖𝐹(𝑖) − 𝐹(𝑗)‖ ≤ δ and |𝑖 − 𝑗| > 2.  

Lemma 4: Projection Identities  

Claim: let there exist some vector ω such that ω = (𝑥, 𝑦, 𝑧) ∈ ℝ³, then we can show: 

‖𝑂𝑥𝑦(ω)‖²+ ‖𝑂𝑥𝑧(ω)‖² + ‖𝑂𝑦𝑧(ω)‖² = 2‖ω‖².  

Proof: ω = (𝑥, 𝑦, 𝑧), which implies the following cases:  

𝑂𝑥𝑦(ω) = (𝑥, 𝑦), 𝑂𝑥𝑧(ω) = (𝑥, 𝑧), 𝑂𝑦𝑧(ω) = (𝑦, 𝑧) 

⟹ ‖𝑂𝑥𝑦(ω)‖²= 𝑥² + 𝑦²  

⟹ ‖𝑂𝑥𝑧(ω)‖² = 𝑥² + 𝑧²  

⟹ ‖𝑂𝑦𝑧(ω)‖²= 𝑦² + 𝑧².  

This then give us:  

(𝑥² + 𝑦²) + (𝑥² + 𝑧²) + (𝑦² + 𝑧²)  

⟹ 2𝑥² + 2𝑦² + 2𝑧²  

⟹ 2(𝑥² + 𝑦² + 𝑧²)  

The internal portion of this product can be identified as the Euclidean norm in ℝ³, which  brings us back to our 
original vector that was proposed so we can conclude that:  

𝑥² + 𝑦² + 𝑧² = ‖ω‖² ⟹ 2(𝑥² + 𝑦² + 𝑧²) = 2‖ω‖²  

∴ ‖𝑂𝑥𝑦(ω)‖²+ ‖𝑂𝑥𝑧(ω)‖² + ‖𝑂𝑦𝑧(ω)‖²= 2‖ω‖² ∎ 

Lemma 5: Imposed Witness to Projection Identities  
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Claim: using the same pair of witnessed points (𝑖’,𝑗’) ∈ 𝐼 such that the witnessed points  must exist in one plane 
or the other, allowing us to say:  

‖𝐹𝑐(𝑖′) − 𝐹𝑐(𝑗′)‖ ≠ ‖𝐹𝑠𝑐(𝑖′) − 𝐹𝑠𝑐(𝑗′)‖  

⟹ ∃𝑃 ∈ {𝑂𝑥𝑦,𝑂𝑥𝑧, 𝑂𝑦𝑧} such that,  

𝐷  (𝑖’,𝑗’) ≠ 𝐷  (𝑖’,𝑗’).  

Proof: denote vectors 𝑣 and 𝑢 such that: 

𝑣 = 𝐹𝑐(𝑖′) − 𝐹𝑐(𝑗′), and 𝑢 = 𝐹𝑠𝑐(𝑖′) − 𝐹𝑠𝑐(𝑗′).  

Given the hypothesis, neither 𝑣 nor 𝑢 can equal each other so we state that both 𝑣 and 𝑢 are  unique vectors to 
the specific witnessed pair (𝑖’,𝑗’) thus:  

‖𝑣‖ ≠ ‖𝑢‖.  

To demonstrate this, we will assume a contradiction that all 3 projections give equal  distances on the plane:  

‖𝑂𝑥𝑦(𝑣)‖ = ‖𝑂𝑥𝑦(𝑢)‖, ‖𝑂𝑥𝑧(𝑣)‖ = ‖𝑂𝑥𝑧(𝑢)‖, ‖𝑂𝑦𝑧(𝑣)‖ = ‖𝑂𝑦𝑧(𝑢)‖. 

Given lemma 4 we can then say:  

‖𝑂𝑥𝑦(𝑣)‖²+ ‖𝑂𝑥𝑧(𝑣)‖² + ‖𝑂𝑦𝑧(𝑣)‖²= ‖𝑂𝑥𝑦(𝑢)‖²+ ‖𝑂𝑥𝑧(𝑢)‖² + ‖𝑂𝑦𝑧(𝑢)‖² 

⟹ 2‖𝑣‖² = 2‖𝑢‖²  

⟹ ‖𝑣‖ = ‖𝑢‖  

Thus, we reach a contradiction, and this shows that at least one of the coordinate planar  projections must 
satisfy that:  

‖𝑃(𝑣)‖ ≠ ‖𝑃(𝑢)‖  

⟹ 𝐷  (𝑖’,𝑗’) ≠ 𝐷  (𝑖’,𝑗’)  

for some unique projection 𝑃 ∈ {𝑂𝑥𝑦,𝑂𝑥𝑧, 𝑂𝑦𝑧}.∎ 

Theorem 4: Separating Planar Groups  

If there exist a witnessed pair (𝑖’,𝑗’) ∈ 𝐼 such that: 

‖𝐹𝑐(𝑖’) − 𝐹𝑐(𝑗′)‖ ≠ ‖𝐹𝑠𝑐(𝑖’) − 𝐹𝑠𝑐(𝑗′)‖, 𝑃 ∈ {𝑂𝑥𝑦,𝑂𝑥𝑧, 𝑂𝑦𝑧}  

with a unique threshold δ > 0 such that:  
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𝐺( , δ) ≠ 𝐺( , δ).  

Proof: Induce lemma 5 and then choose one of the 3 unique planar projections 𝑃: 

𝐷  (𝑖’,𝑗’) ≠ 𝐷  (𝑖’,𝑗’).  

Without a loss of generality, we can assume:  

𝐷  (𝑖’,𝑗’) < 𝐷  (𝑖’,𝑗’). 

We then take a δ by the midpoint threshold such that:  

δ = ,  

which gives the statement:  

𝐷  (𝑖’,𝑗’) ≤ δ < 𝐷  (𝑖’,𝑗’)  

⟹ (𝑖’,𝑗’) ∈ 𝐸( , δ)  

⟹ (𝑖’,𝑗’) ∉ 𝐸( , δ).  

This then allows us to establish that the edge sets are not equal:  

𝐸( , δ) ≠ 𝐸( , δ)  

⟹ 𝐺( , δ) ≠ 𝐺( , δ)∎ 

With an established witnessed pair existing, we can say that on the ℝ2 plane, there is at  least one pair of 
coordinate projections that preserves distance inequality, as well as the threshold for that planar distance 
inequality produces graph separation.  

Application  

To demonstrate a provable and direct contact graph inequality, we need to interpret the proof through the 
biological context from which it was derived. The solution NMR structure  1QLX contains the experimentally 
determined 3D coordinates for globular PrPᶜ (Bank, 1999)  and, alternatively, the coordinates for misfolding 
amyloid fibril PrPˢᶜ are deposited in the high-resolution (2.70 Å ) cryogenic electron microscopy (cryo-EM) 
structure (Data, 2019). This amyloid structure is a parallel in-register intermolecular beta sheet stack or PIRIBS 
(Data, 2019;  Zahn et al., 2000). Several hypotheses propose mechanisms for both the initiating structural 
change within a neuron and the propagation of the infectious isoform. Here, we apply our mathematical 
framework with hopes to provide evidence in support of one of the plausible mechanisms of misfolding and 
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infectivity. To do so we apply the previously derived theorems that explain ℝ² & ℝ³.  

Applied proof in ℝ¹  

While the PrPᶜ and PrPˢᶜ proteins have the same amino acid sequence, there are some differences in the 
experimentally determined coordinate structure because of the protein purification process. Specifically, the 
prion protein purification protocol used to determine the  1QLX structure has a 17 amino acid residue 
N-terminal tail and a thrombin cleavage site engineered in. This engineered N-terminal sequence in PrPᶜ 
structure results in a direct  difference in the encoding between PrPᶜ and PrPˢᶜ such that there exist 2 N-terminal 
residues in the beginning of the 1QLX sequence as well as an N-terminus residue and C-terminal residue on  the 
6LNI. To accommodate this artifactual sequence change, we limit our analysis to the shared set of residues. This 
reduces the core residue count from each chain of 210 on each respective protein down to 208. This then allows 
us to analyze the following sequence code for Major Prion  Protein (MPP):  

KKRPKPGGWNTGGSRYPGQGSPGGNRYPPQGGGGWGQPHGGGWGQPHGGGWGQPHG
GGWGQPHGGGWGQGGGTHSQWNKPSKPKTNMKHMAGAAAAGAVVGGLGGYMLGSA
MSRPIIHFGSDYEDRYYRENMHRYPNQVYYRPMDEYSNQNNFVHDCVNITIKQHTVTTT
TKGENFTETDVKMMERVVEQMCITQYERESQAYYQRGS 

To simplify the MPP residue chain into a more chewable or easily represented object, we  will simply use the 
sigma notation from the previous Proof in ℝ¹,  

𝑀𝑃𝑃 = ∑²⁰⁸,  

where we can then denote 6LNI and 1QLX proteins as a projected reduction of the MPP residues. Specifically, 
the initial G and S on 1QLX and the beginning M and ending S on 6LNI, which are the respective termini, are 
truncated, such that we can denote 1QLX as C for a  representation of PrPᶜ and 6LNI as Sc for PrPˢᶜ:  

𝐶: ∑²¹⁰ → ∑²⁰⁸, 𝐶 = {𝑎₃, 𝑎₄, 𝑎₅,… , 𝑎₂₀₈, 𝑎₂₀₉, 𝑎₂₁₀}  

𝑆𝑐: ∑²¹⁰ → ∑²⁰⁸, 𝑆𝑐 = {𝑎₂, 𝑎₃, 𝑎₄, … , 𝑎₂₀₇, 𝑎₂₀₈, 𝑎₂₀₉}  

This sequence only representation of MPP, which allows us to take the initial claim of 𝐶 = 𝑆𝑐. Since both 
sequence representations are now equal to MPP, we can use MP to represent MPP  such that the following is 
true: 

𝑀𝑃 = 𝐶 = 𝑆𝑐 ∈ ∑²⁰⁸  

We can then impose the identity invariant such that:  

𝐽₁: ∑²⁰⁸  → ∑²⁰⁸,  𝐽₁(𝑠) = 𝑠 

⟹ 𝐽₁(𝐶) = 𝐶 = 𝑆𝑐 = 𝐽₁(𝑆𝑐)  
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⟹ 𝐶 ~ᴊ₁ 𝑆𝑐  

⟹ [𝐶]ᴊ₁ = [𝑆𝑐]ᴊ₁,  

if and only if :  

𝑀𝑃 = 𝐶 = 𝑆𝑐 ∈ ∑²⁰⁸.  

It should be noted that, based on the raw sequence with no exception to internal residue and  considering the 
termini:  

𝐶 ≠ 𝑆𝑐 ∈ ∑²⁰⁸. ∎  

Applied proof in ℝ³  

To demonstrate Euclidean graph invariance, we select the witnessed pair of residues 176 and 190 between the 
3D space of 6LNI and 1QLX because these pairs of residues confer not only a local witness of |𝑖 − 𝑗 | > 2 but also 
a non-local witness using some delta as an anchor point.  

Axiom 4: Re-applied 

Let the index set be defined as the intersection of the structure coordinates of the residue  pair, such that:  

𝐼 = (𝐶) ∩ (𝑆𝑐).  

Limitations in current experimental structural biology lead to missing residue density in experimental PrP 
structures. Therefore, PDB structure representing 𝐶 and 𝑆𝑐 are incomplete. The  1QLX structure representing 
the PrPᶜ structure is missing residues 21-124 and 229-230 and thus contains coordinates for only the fragment 
125-228, which is roughly the 104-count residue of the globular domain. The same exists for 6LNI where the 
fibril core exists as residues 170-229.  This gives the intersecting set of:  

𝐼 = (𝐶) ∩ (𝑆𝑐) 

𝐶 = {125,… , 228}, 𝑆𝑐 = {170,… , 229}  

⟹ 𝐼 = (𝐶) ∩ (𝑆𝑐) = {170,… , 228}  

⟹ 𝐼 = |59|∎  

We then apply the distance graph of any witnessed pair:  

𝑖,𝑗 ∈ 𝐼, |𝑖 − 𝑗| > 2,  

in which the witnessed pair of residues 𝑖,𝑗 exist within this 59-residue set. To show that the witnessed pair on 
both graphs is not equal, we use the residues 176 and 190 as the non-local witness such that (𝑖’,𝑗’) = (176, 190). 
This allows us to determine:  
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|176 − 190| = 14 > 2. 

To show that the pair is a non-local witness, we must project the coordinates of the witnessed pair to the distance 
graph. As is standard for structural biology analysis, we select the alpha carbon (𝑎-carbon) atoms after a 
structural alignment between 1QLX and 6LNI to represent each residue. For the PrPᶜ structure 1QLX:  

● Residue 176 ∈ (−10.486,−14.457,−1.843)  

● Residue 190 ∈ (−0.774, 1.083,−0.983).  

And for PrPˢᶜ structure 6LNI:  

● Residue 176 ∈ (205.776, 211.731, 243.361)  

● Residue 190 ∈ (179.099, 234.532, 241.349).  

To get the residue pair distance for the distance graph we use:  

𝐷ƒ(𝑖,𝑗) =  

⟹ 𝐷ꜰ꜀ (176, 190) =  

⟹ 𝐷ꜰ꜀ (176, 190) =  ≈ 18.34541 Å.  

The standardized data structure for mmCIF atom coordinate files on the PDB enables us  to use a Python 
implementation to automate extraction of distances between the atoms and  therefore a more accurate 
Ångstrom (where Å equals 10⁻¹⁰m or one 10 billionth of a meter and a  carbon-to-carbon single bond is ~1.54Å) 
distance such that for 1QLX the distance projection is:  

𝐷ꜰ꜀ (176, 190) = 18.347626004 Å 

To show that a graph invariance exists, we perform the same analysis for the PrPSc structure 6LNI:  

𝐷ꜰₛ꜀ 176, 190) =  

⟹ 𝐷ꜰₛ꜀ (176, 190) =  ≈ 35.15104.  

And with the same code implementation, we can observe the encoded distance exists as: 

𝐷ꜰₛ꜀ (176, 190) = 35.151046556 Å  

This result demonstrates that not only does the distance graph of the witnessed non-local  pair not equal each 
other but also that the computed residue distances in PrPᶜ and PrPˢᶜ do not  equal each other. We can now say 
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that:  

𝐷ꜰₛ꜀ (176, 190) ≠ 𝐷ꜰ꜀ (176,190)  

This shows that no rigid motion exists in the contact graph. To further prove the two embeddings  are not equal 
we can take the midpoint δ > 0, which was defined in the proof, and compute the  midpoint threshold such that:  

δ =  = 26.749336280 Å. 

And if,  

𝐷ꜰ꜀ (176, 190) ≤ δ < 𝐷ꜰₛ꜀ (176, 190),  

then we can determine:  

(176, 190) ∈ 𝐸(𝐹𝑐, δ) and (176, 190) ∉ 𝐸(𝐹𝑠𝑐,δ)  

∴ 𝐺(𝐹𝑐, δ) ≠ 𝐺(𝐹𝑠𝑐, δ)∎ 

Using our implementation, we can automate this analysis over all combinations of residue pairs in the 59-residue 
intersection of the PrPᶜ and PrPˢᶜ structures, building a network graph for all possible witnessed local and 
non-local residue pairs (Figure 1). This comprehensive network graph demonstrates clearly that the edge set and 
the connectivity between the edges differ between the PrPᶜ and PrPˢᶜ structures. In the context of structural 
biology, this means that there are differences in the residues making up the edge sets and how the residues 
interact with each other in the two isoforms.  

Figure 1 

Network Graphs of PrPᶜ and PrPˢᶜ 

 

Note. Local network graphs for the intersecting  residue set 173–179 and 187–193 in (left) PrPᶜ, (middle) PrPˢᶜ, 
and (right) the difference between  PrPᶜ and PrPˢᶜ. The nodes represent the 𝑎-carbon atoms of the residues and 
the edges the  interactions between residues in the PrP structures. Yellow (176,190) represents the witnessed  
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pair selected during the application of the proof. In the panel on the right showing the edge set  differences, the 
solid lines show interactions in common between PrPᶜ and PrPˢᶜ, while the  dashed and dotted lines represent 
interactions that are present only in PrPᶜ or PrPˢᶜ, respectively.   

Applied proof in ℝ² 

To show that there exists a unique orthogonal projection, we impose the same 𝑎-carbon  coordinates such that 
the difference between the unique witnessed pair (176, 190) would be:  

𝐹(176) − 𝐹(190) = (𝑥₁₇₆ − 𝑥₁₉₀, 𝑦₁₇₆ − 𝑦₁₉₀, 𝑧₁₇₆ − 𝑧₁₉₀)  

⟹ 𝐹𝑐(176) − 𝐹𝑐(190) = (−9.712,−15.540,−0.906) = 𝐶 

⟹ 𝐹𝑠𝑐(176) − 𝐹𝑠𝑐(190) = (26.677,−22.801, 2.012) = 𝑆𝑐.  

We can then reduce the dimensionality of the geometric space by constructing a  projection from geometric 
space to relational contact map space, which was previously demonstrated. Given that ℝ3 proof remains true, 
we can say the previous difference remains true  for all values of projection. We define the top value as C and the 
bottom value to Sc to simplify the projection results. To begin with the proof, all 3 orthogonal planar 
projections must be observed.  

Projection to 𝑥𝑦  

The 𝑥𝑦 projection is shown in Figure 2 and calculated from: 

𝑂𝑥𝑦(𝐶) = (−9.712,−15.540), and 𝑂𝑥𝑦(𝑆𝑐) = (26.677, −22.801)  

⟹ (176, 190) = ‖𝑂𝑥𝑦(𝐶)‖ =  = 18.325243354   

⟹  (176, 190) = ‖𝑂𝑥𝑦(𝑆𝑐)‖ =  = 35.093417188  

⟹ δ𝑥𝑦 =  = 26.709330271 Å 

⟹  (176, 190)  ≤ δ𝑥𝑦 <  (176, 190)  

⟹ (176,190) ∈ 𝐸( , δ) and (176, 190) ∉ 𝐸( , δ) 

⟹ 𝐸( , δ) ≠ 𝐸( , δ)  

∴ 𝐺( , δ𝑥𝑦) ≠ 𝐺( , δ𝑥𝑦).  
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Figure 2 

xy Projection 

 

Note. The xy projection of the geometric space onto the relational contact space.  

This first orthogonal planar projection already demonstrates that at least one projection exhibits a contact graph 
difference. However, to be as rigorous as possible, we continue the application with the remaining 2 projections.  

Projection to 𝑥𝑧 

𝑂𝑥𝑧(𝐶) = (−9.712,−0.906), and 𝑂𝑥𝑧(𝑆𝑐) = (26.677, 2.012)  

⟹ (176,190) = ‖𝑂𝑥𝑧(𝐶) ‖ =  = 9.754167314 

⟹  (176, 190) = ‖𝑂𝑥𝑧(𝑆𝑐)‖ =  = 26.752765707 

⟹ δ𝑥𝑧 =  = 18.25346651 Å 

⟹ (176, 190) ≤ δ𝑥𝑧<  (176, 190)  

⟹ (176,190) ∈ 𝐸( , δ) and (176, 190) ∉ 𝐸( , δ)  

⟹ 𝐸( , δ) ≠ 𝐸( , δ)  

∴ 𝐺( , δ𝑥𝑧) ≠ 𝐺( , δ𝑥𝑧).  
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Figure 3 

xz Projection 

 

Note. The xz projection of the geometric space onto the relational contact space.  

Thus, there exists now a second planar projection where a graph invariance is observed (Figure  3).  

Projection to 𝑦𝑧  

𝑂𝑦𝑧 (𝐶) = (−15.540,−0.906), and 𝑂𝑦𝑧 (𝑆𝑐) = (−22.801,2.012)  

⟹ (176, 190) = ‖𝑂𝑦𝑧 (𝐶) ‖ =  = 15.566388  

⟹  (176, 190) = ‖𝑂𝑦𝑧 (𝑆𝑐)‖ =  = 22.8895991  

⟹ δ𝑦𝑧 =  = 19.22799355 Å  

⟹ (176, 190) ≤ δ𝑦𝑧  <  (176, 190)    

⟹ (176,190) ∈ 𝐸( ,δ) and (176, 190) ∉ 𝐸( , δ)  

⟹ 𝐸( ,δ) ≠ 𝐸( , δ)  

∴ 𝐺( , δ𝑦𝑧 ) ≠ 𝐺( , δ𝑦𝑧 ).  

Figure 4 

yz Projection 

 

Note. The yz projection of the geometric space onto the relational contact space.  

The three orthogonal planar projections (Figures 2–4) show that regardless of which chosen planar coordinates 
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of the witness pair (176, 190) that you will find a discrepancy between their embeddings. This further enforces 
the original claim of the structural conformation having vastly different structures.  

Interpretation  

We leverage several key implementations of metric space calculations in the ℝ¹, ℝ² and  ℝ³ proofs. Beginning 
with the initial proof in ℝ1, the concept was introduced of projecting a protein structure into its sequence-based 
representation. This framework relied on the assumption that both the infectious fibril and the non-infectious 
version of the major prion protein isoforms are simply expressions of PrP, and that neither protein was assumed 
to possess terminal edges within their globular domains. Due to the limitations of experimental structural 
biology methods and their inability to fully resolve atomic positions in flexible protein structures such as PrP, 
the applied proof in ℝ¹ required stripping the terminal residues of PrPᶜ and PrPˢᶜ and using only  purely the 
backbone of the residues representing the globular domain in the native PrPᶜ. This truncated sequence space 
representing the intersection of experimentally resolved residues was then shown to be equivariant using 
invariances. In other words, there was no way to tell the difference between MPP, 𝐶, 𝑆𝑐 given solely their 
backbone sequence code. Because we cannot differentiate the isoforms in ℝ¹, we use the experimentally 
observable difference in structure as an assumption to show through proof in ℝ³ that the structures are indeed 
different.  

The proof in ℝ³ was designed to show that each contact graph of the proteins had at least one delta which 
denoted a fixed midpoint for the edge sets to be derived from and allowed for a distance variance to be 
determined. This was further established in the applied proof where we use the 3D coordinates space from the 
mmCIF files to calculate the atom distances in PrPᶜ and PrPˢᶜ (Table 1).  

Table 1 

Coordinates for Witnessed Non-Local Residue Pairs in PrPC and PrPSc 

Structur
e  

Residu
e  

X (Å)  Y(Å)  Z(Å) 

1QLX  176  -10.48
6  

-14.45
7  

-1.843 

1QLX  190  -0.774  1.083  -0.937 

6LNI  176  205.77
6  

211.73
1  

243.3
61 
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6LNI  190  179.09
9  

234.53
2  

241.3
49 

Note. The 1QLX  and 6LNI structures provide the coordinates for PrPᶜ and PrPˢᶜ, respectively. The X, Y, and Z  
coordinates expressed in Ångstroms (Å) for the residues 176 and 190 composing the witnessed  non-local 
residue pair in the application of proofs.  

The coordinates of the witnessed non-local pair in both PrPᶜand PrPˢᶜ structures give the ability to determine 
through a Euclidean norm that there is a midpoint for the set of intersecting residues representing the native 
globular domain. We can then use this midpoint as the anchor for distance projection. The distance projection 
reveals key differences between the two proteins; specifically, when we examine the midpoint delta, only one 
protein isoform satisfies the projected inequality, such that witnessed pair (176,190) remains within the edge set 
for the PrPᶜ isoform.  

To further demonstrate that there is a difference between the two isoforms, we use the ℝ2 proof to accomplish a 
projection that successfully reduces the dimensions of witnessed non-local  residue pair and thus simplifies 
computations. We perform a reduction in dimensional space such that, when analyzing any two planar 
projections of a three-dimensional structure, we can establish that there will be at least one view within that 
spatial reduction that demonstrates the witnessed pair does not exist in either edge set, and therefore in neither 
graph projection. This incongruity in graph projections is confirmed for every 3D planar projection in 
ℝ3regardless of dimensional combination. This further strengthens the claim that there exists a conformational 
difference between PrPᶜ and PrPˢᶜ.  

Discussion  

As this paper currently stands, there is very little addition to biochemistry,  stereochemistry, biophysics, 
combinatorics, or ionic interaction theory. This will be addressed in the ‘Further Research’ portion of this 
paper. Currently, this is an analysis of the basest level that observes sequence variation and applied that onto a 
3-dimensional structural space, and that  allows for an ability to show a difference in physical properties. The 
addition of ionic interaction theories as well as proton channels that help regulate cell pH in the CNS is actively 
being  considered as well as further structural analysis of the fibril that PrPˢᶜ creates and signaling  effects in the 
host neuron. 

Conclusion  

A key conclusion from this study is that the edge sets in the contact graphs do represent interacting partners, 
defined by the chosen distance thresholds between the witnessed residue pairs. However, the presence of an edge 
does not automatically imply a functional or causative interaction; for example, residues that are distant in the 
structure may or may not influence protein behavior through allosteric mechanisms, while more local contacts 
are likely to be more directly relevant. The observed differences in contact graphs reflect how these interactions 
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act as structural variables and are incrementally modified, rather than providing a direct mapping to ionic 
interaction theory, biophysical interactions, or conformational dynamics. Importantly, this model aligns with 
current physical observations that the two forms of the major prion protein,  PrPᶜ and PrPˢᶜ, are structurally 
distinct, despite having identical primary sequences.  

Further Research  

This paper presents findings from ongoing research conducted by Ashley L. Bennett, PhD, and Nicole L. 
Mazuroski, M.S. Moving forward, this study proposes to incorporate electrostatic and ionic interaction 
principles to better understand protein conformational dynamics.  Specifically, it is hypothesized that metabolic 
stressors may induce a localized decrease in pH within the central nervous system, leading to an increased 
concentration of free hydrogen ions promoting protonation of key amino acid residues and inducing backbone 
conformational changes through altered salt bridge interactions. Additionally, interacting partners of PrPᶜ, may 
further modulate the local proton environment. For example, zinc may influence neuronal acidity by interfering 
with proton transport mechanisms, potentially reducing proton efflux, and contributing to intracellular proton 
accumulation. There is also ongoing discussion about the potential intracellular interactions of calcium, 
chloride, and copper, although these ideas remain speculative at this stage.  
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